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Abstract 


\ 

This  paper  presents  a useful  concept  for  decision  analysis  — 
the  value  of  information  gi«*an  flexibility. 

An  exploration  is  made  into  the  impact  of  decision  flexibility 
on  the  value  of  information.  The  usefulness  of  calculating  the 
value  of  Information  under  various  assumptions  concerning  decision 
flexibility  is  Illustrated  with  a simple  economic  example.  An 
upper  limit  to  the  value  of  information  given  flexibility  is  the 
expected  value  of  perfect  information  given  perfect  flexibility 
(EVPIGPF).  By  approximating  an  arbitrary  smooth  value  function  with 
a quadratic  equation,  first  order  characteristics  of  the  EVPIGPF  are 
identified.  Finally,  it  is  shown  that  the  technique  of  proximal 
decision  analysis  may  be  expanded  to  provide  a simplified  estimation 
of  the  EVPIGPF  for  large-scale  decision  problems. 


1.  Introduction 


The  well-known  "value  of  Information"  concept  of  decision 
analysis  provides  a logical  technique  for  placing  a dollar  value  on 
the  resolution  of  uncertainty.  Normally  this  value  Is  considered  to 
be  a constant  against  which  the  cost  of  obtaining  Information  Is 
compared.  More  generally,  the  value  one  places  on  Information  will 
depend  upon  one's  asstimed  flexibility  to  make  use  of  the  Information. 
The  more  flexible  one's  decisions  are,  the  more  valuable  is  informa- 
tion. 

This  paper  presents  a definition  of  decision  flexibility  for 
the  science  of  decision  analysis.  A simple  economic  example  is  used 
to  demonstrate  the  usefulness  of  calculating  the  value  of  information 
under  various  assumptions  concerning  decision  flexibility.,  Howard 
[ 3 ] has  suggested  "proximal  decision  analysis"  as  a technique  for 
analyzing  large-scale  decision  problems  when  suates  and  decisions  can 
be  represented  by  continuous  vectors.  The  proximal  model  is  used  to 
analyze  the  effect  of  various  problem  characteristics  on  the  value 
of  information  given  flexibility. 

2.  A Definition  of  Decision  Flexibility 

The  concept  of  flexibility  has  occasionally  cropped  up  in 
micro- economic  literature  on  the  theory  of  the  firm.  For  several 
approaches  see  Ref.  [1,  4,  7j  8,  91.  For  the  purposes  of 

decision  analysis  it  is  convenient  to  take  a different  approach. 

We  view  the  flexibility  of  a given  decision  variable  to  be  deter- 
mined by  the  size  of  the  choice  set  associated  with  that  variable. 
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Let  D and  D'  be  two  possible  sets  of  feasible  alternatives  for 
a decision  d and  suppose  that  D is  a proper  subset  of  D' . 

Then  the  decision  d is  said  to  be  more  flexible  in  the  case  of  the 
feasible  set  D'  than  in  the  case  of  the  feasible  set  D.  Roughly 
speaking,  the  larger  the  choice  set  — that  is,  the  more  alternatives 
that  are  available  for  a decision  — the  greater  is  the  decision 
flexibility. 


3.  Value  of  Flexibility 
Notation  and  Basic  Decision  Model 


When  dealing  with  the  uncertainty  in  a decision,  it  is  frequently 
Important  to  state  explicitly  the  information  upon  which  a probability 
assessment  is  based.  Inferential  notation  is  useful  for  this  purpose. 
Following  [2  ],  if  x is  a random  variable,  the  symbol  {*  ]S} 
denotes  the  probability  density  function  of  x given  the  state  of 
knowledge  S . The  expectation  of  x based  on  8 is  written  <x|S>. 

A special  state  of  knowledge  is  the  total  prior  experience  available 
at  the  beginning  of  the  problem.  The  total  prior  experience  is 
denoted  by  6 . 

We  envision  a decision  model  of  the  form  shown  in  Figure  3.1  and 

discussed  in  Ref.  [21.  Problem  variables  have  been  divided  into 

those  under  the  control  of  the  decision  maker  — decision  variables 

d ,..,d  — and  those  not  under  his  control  - state  variables  s,,..,s  . 

1 m In 

The  function  v(£,^)  represents  the  decision  maker's  value  model.  For 

specified  values  of  ^ and  d it  assigns  a scalar  value  v.  State 

variables  are  uncertain  and  described  by  a distribution  (SIS’!  . 

For  any  given  decision  vector  ^ a profit  lottery  {v|^,S}  is 

produced  on  outcome  value.  The  decision  maker's  preferences  interact 

with  this  lottery  so  as  to  produce  a utility  measure  u({vld,e)). 

The  objective  for  the  decision  maker  is  to  choose  from  the  feasible 

decision  set  D the  decision  vector  jd  which  produces  the  highest 
utility  measure. 
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The  Value  of  Information  Given  Flexibility 


Tiie  value  of  Infomation  given  flexibility  measures  the  va^ue 
to  the  decision  maker,  in  economic  inits,  of  obtaining  a given  amount 
of  Information  together  with  a given  amount  of  decision  flexibility. 

An  upper  limit  to  this  quantity,  the  expected  value  of  perfect  infor- 
mation given  perfect  flexibility  (EVPIGPF),  may  be  calculated. 

As  a base  case  consider  the  decision  problem  in  which  the  decision 
maker  must  set  ^ prior  to  learning  the  state  variable  outcomes  £ . 
Now  consider  the  problem  in  which  the  decision  maker  may  delay  the 
setting  of  the  j'th  decision  variable  until  after  he  learns  the 
outcome  of  the  I'th  state  variable.  All  other  decisions,  however, 
must  be  set  prior  to  learning  any  state  variable  outcomes.  We  define 
the  value  of  perfect  information  on  s^  given  perfect  flexibility 
on  dj  as  the  maximum  number  of  economic  units  the  decision  maker 
would  be  willing  to  pay  to  change  the  structure  of  his  decision  from 
that  of  the  first  problem  considered  to  that  of  ti»c  second.  The 
flexibility  is  said  to  he  perfect  because  it  is  assumed  that  receipt 
of  the  information  does  not  restrict  in  any  way  the  feasible  decision 
set  associated  with  the  flexible  decision  variable. 

The  EVPIGPF  is  similar  to,  but  more  complete  than,  the  concept 
of  expected  value  of  perfect  information  (EVPI).  Whereas  EVPI 
measures  the  value  of  perfect  information  under  the  assumption  that 
all  decision  vai  lables  may  be  adjusted  to  utilize  the  information, 
the  EVPIGPF  explicitly  states  which  decision  variables  may  be 
adjusted  in  response  to  what  Information.  In  a real  system  it  may 
be  costly  or  impossible  to  maintain  flexibility  on  all  decisions 
while  awaiting  the  arrival  of  some  piece  of  information.  By 
comparing  the  costs  of  maintaining  flexibility  with  thi  EVPIGPF, 
the  decision  maker  has  a method  for  deciding  which  decisions  ought 
to  be  kept  flexible  and  for  VThich  it  is  more  profitable  to  eliminate 
flexibility.  We  Illustrate  this  use  with  a simple  economic 
example. 
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Example;  The  Entrepreneur's  Prlce-Qu&ntltv  Decision 


An  entrepreneur  must  Jeclde  upon  a price  and  quantity  for  his 
product.  He  Is  uncertain  about  the  total  cost  c per  Item  but  feels 
that  It  may  be  represented  by  the  uniform  distribution  of  Fig.  3.2. 

He  knows  that  the  demand  for  his  product  will  be  a decreasing  function 
of  hi  price,  but  for  any  given  price  he  Is  uncertain  as  to  the  exact 
quantity  of  his  product  demanded.  For  this  reason  he  hypothesizes  the 
following  functional  form  for  demand  x : 

X - £ - b - e , (3.1) 


where 

X * demand  (In  thousands  of  units), 
p ■ price  (In  thousands  of  dollars), 
a,b  * parameters  of  the  demand  curve,  and 
e « a random  variable  Independent  of  c and  uniformly 
distributed  from  zero  to  one. 

Figure  3.3  shows  the  probability  density  for  e and  the  demand 
curve  x(p)  . 

Further  let 


q = quantity  produced  (In  thousands  of  units) 

V * pet  profit  (In  millions  of  dollars)  . 

Then, 

rP(“  - b - e)  - cq  , if  ”b-e  < q 
v(p,q,c,e)  = I (3.2) 

(p  - c)  q , If  ~-b-e  > q 


-A- 


We  wish  to  determine  our  entrepreneur's  expected  net  profit  and 
the  value  to  him  of  using  various  perfect  information  - perfect 
flexibility  structures.  In  other  words,  we  would  like  to  know  how 
much  It  Is  worth  to  the  entrepreneur  to  obtain  perfect  Information 
on  various  state  variables  if  he  uses  that  Information  when  setting 
various  decision  variables.  For  example,  consider  the  value  to  the 
decision  maker  of  obtaining  perfect  Information  on  the  demand  parameter 
e for  the  purpose  of  setting  his  production  quantity  q . This  value 
Is  obtained  by  calculaf ' ’g  tie  Increment  to  expected  profit  produced 
by  clairvoyance  on  e given  flexibility  on  q : 

<v|CeFq,C>  - <v)e>  - max  f max  f v {c|C]  [elC] 

p c*'  q c'' 

- max  max  J J 

In  all  there  are  3x3*9  possible  perfect  informatlon-f lexlbllity 
structures.  The  computations  have  been  performed  and  are  summarized 
in  Table  3.1  for  particular  parameter  values  of  a=2.25  and  b-0.5. 

Observe  that  the  expected  value  of  the  entrepreneurial  venture 

is  half  a million  dollars  and  is  obtained  through  an  optimal  decision 

strategy  of  setting  price  at  $1,000  and  quantity  at  1,250  units.  The 

entries  in  the  Table  V , p*  , and  q*  — respectively  denote  the 

CF 

value  of  the  informatio.-i' ’flexibility  structure  and  the  optimal  decision 
strategy  appropriate  to  the  structure  corresponding  to  a given 
location  in  the  Table.  For  example,  if  it  were  possible  for  our 
entrepreneur  to  pick  a price,  learn  the  demand  parameter  e , and  then 
set  his  quantity,  he  could  expect  to  increase  his  profits  by  $128,680. 

To  do  this  he  would  set  price  at  1.061  thousand  dollars,  conduct  his 
estimation  of  e , and  then  set  quantity  at  1.621  - e thousands  of 
units. 

The  entries  thus  indicate  the  value  to  the  decision  maker 

of  applying  additional  information  to  the  various  decisions  that  make 
up  his  problem.  We  observe  that  the  greatest  increase  in  profit 
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TABU?  3,1. 

«lue  of  and  Decision  Strategy  for  Various  Information- 
Flexibility  Structures  In  the  Entrepreneur's  Decision 
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is  expected  If  perfect  Information  is  obtained  on  both  uncertain 
variables  and  that  information  is  used  to  adjust  both  decision  vari- 
ables. Of  the  two  pieces  o'  infcnration  c and  e , e is  more  valuable 
regardless  of  the  flexibility  assuiaed  on  the  decision  variables.  The 
relative  value  of  flexibility  on  the  two  decisions,  however,  depends 
on  the  information  to  be  received.  Flexibility  on  quantity  is  more 
valuable  if  the  entrepreneur  expects  to  learn  costs.  Flexibility  on 
price  is  more  valuable  if  the  entrepreneur  expects  to  learn  demand  or 
if  he  expects  to  learn  both  costs  and  demand. 

Typically,  c large  number  of  information  gathering  and  flexibility 
preserving  schemes  are  available  to  the  decision  maker.  Normally  such 
schemes  will  provide  Imperfect  rather  than  perfect  information  and  less 
than  complete  flexibility.  EVPIGPF's  provide  an  upper  bound  to  the 
value  of  such  schemes  and,  therefore,  allow  the  decision  maker  to 
dismiss  immediately  those  whose  costs  exceed  these  bounds.  Suppose  that 
after  considering  various  information  gathering  and  decision  dclcylrg 
schemes,  the  entrepreneur  constructs  a table  of  proposals  and  costs  as 
Illustrated  in  Table  3.2.  Proposals  1 and  2 can  be  eliminated  from 
further  consideration  as  their  costs  exceed  the  ccrrespondlng  EVPIGPF's. 
Schemes  4 & 6 appear  to  be  of  dubious  value  while  scl’Ctscs  3,  7 and  9 
are  among  those  that  appear  to  deserve  further  consideration. 

Knowledge  of  EVPIGPF's  can  generate  insight  that  is  not  provided 
by  EVPI's  alone.  For  example,  observe  from  Table  3.1  that  the  value 
of  clairvoyance  on  costs  given  flexibility  on  price  is  zero,  but  the 
value  of  clairvoyance  on  costs  given  flexibility  on  price  and  quantity 
is  $139,416.  InformaMon  about  costs  is  useful  for  setting  price  but 
only  if  that  lnf"rmctlon  is  used  for  setting  quantity  as  well.  Once 
quantity  has  been  fixed  price  must  be  set  so  as  to  clear  the  inventory, 
and  costs  are  no  longer  a consideration.  Insight  may  also  be  provided 
on  decision  timing.  If  information  on  the  demand  parameter  e is 
purchased,  virtually  all  the  usefulness  of  the  information,  $151,639 
worth,  can  be  obtained  using  it  only  to  set  price.  Delaying  produc- 
tion until  after  this  Information  becomes  available  will  only  be  worth 
an  additional  $285  ! 
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Proposed  Information  Gathering-Flexibility  Preserving  Schemes 
for  the  Entrepreneur's  I'ecision  and  Their  Estimated  Costs 
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4.  The  Quadratic  Decision  Problem 


In  this  section  we  shall  obtain  an  explicit  expression  for  the 
value  of  perfect  information  given  perfect  flexibility  for  a 
quadratic  decision  problem.  A quadratic  decision  problem  is  defined 
as  the  basic  decision  model  of  Fig.  3.1  with  the  following  additional 
assumptions: 

1.  The  decision  variables  d^  are  unconstrained. 

2.  The  decision  maker's  value  function  v(^,^)  is  a 

quadratic  function  in  the  s^  and  d such  that  for 
every  ^ , v(^,^)  has  a unique  maximum  with  respect 

to  id  . 

3.  The  decision  maker's  utility  function  is  a linear  function 
of  value. 

The  results  will  be  shown  to  have  a practical  use  in  ^ 5. 

By  assumption  (2), 

v(£,d)  - a + b'£  + i IL’W  8^  + £’T  d + r'd  + 1 d'Q  d , (4.1) 

with  Q negative  definite.  Since  we  are  interested  in  relative  values  , 
we  may  ignore  the  first  three  terms  in  (4.1).  Further,  by  assuming 
that  decision  settings  are  measured  as  deviations  from  the  best 
deterministic  decision  and  state  variables  are  measured  from  their 
mean  values,  there  is  no  loss  in  generality  if  we  take 

v(s,d)  - s'T  d + i d'Q  d (4.2) 

- - - 2 ” “ 

with  E(s)  ■ £ . 

To  characterize  the  various  structures  we  use  the  following 
notation.  Let  N»(l,.. .,n)  and  M-|l,...,ra)  be 

the  respective  sets  of  state  and  decision  variable  indices.  Define 
I C N to  be  the  set  of  indices  of  those  state  variables  upon  which 
information  is  to  be  obtained,  and  let  JC  M denote  the  indices  of 
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decision  variables  for  which  flexibility  is  available.  I and  J will 
denote  the  complements  within  N and  M of  the  sets  I and  J re- 
spectively. Cs  Fd  will  denote  the  infor...ation  structure  within  which 
i.  J 

the  decision  maker  has  clairvoyance  on  state  variables  s.  , i e I 


and  flexibility  on  decision  variables  d 


j 


j e J . 


For  a »lven  structure  Cs  Fd  , let 

X w 

of  those  elements 


of 


T_ , denote  the  matrix 
X J 

T such  that  1 is  In  1 


JJ 


etc. 


T' 

NJ 


^*^ij^iel  j€j  ij 

and  j is  in  J , and  similarly  define  ^NJ  • 

and  Qjj  will  be  taken  to  mean  the  transpose  of  and  the  inverse 

of  Q .»  respectively.  Also,  let  _s  denote  the  vector  of  those  components 

JJ 

s^  of  ^ such  that  i e I , and  similarly  define  _dj  and  . 

Then,  subject  to  the  various  assumptions  made  above,  we  have  the 

THEOREM;  For  any  information- flexibility  structure  Cs  Fd  , the 
' X J 

optimal  decision  strategy  _d*  is  given  by 


4 


.-1, 


.-1, 


and  the  corresponding  expected  value  of  the  structure  is 


(4.4> 


‘^CSj.Fdj  ■ " 2 

+ (T-j|j-T-rj:jQ  jQj-j)(Qj^-OjjQjjQj-)  C^Y3-Q3jQjjT|j)l^(2Sx)^"C2ii) j-  > 


(4.5) 


where  x - ECs^Sj) 


8 


PROOF;  Equations  (4.3),  (4.4),  and  (4.5)  follov  from  the  evaluation  of 


<v|CSj.Fdj,e>-  <v|C> 


where 


<v|C>  - max  E(v)  « max  (-^  d*Q  d)  - 0 , 


because  Q Is  negative  definite,  and 


<v|CSjFdj,e>  ■ max  E[max  E(v[Sj)] 


max 


A detailed  derivation  Is  coptalne'’  In  Ref.  [5], 


COROLLARY  1;  Under  the  structure  Cs^Fdj 


“ 0 , 


-J  “ ’ 


If  any  of  the  following  conditions  hold: 

(a)  E(xj)  -0 

(b)  J ■ 0 (Coiipletc  flexibility) 

(c)  1*0  (Complete  information)  . 


(4.6) 

(4.7) 


2 • 

(4.8) 

(4.9) 

(4.10) 

(4.11) 
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^'^.lOLLARY  2;  Under  the  structure  Cs^Fdj 


- 0 , (A. 12) 

-J  " ’ (A. 13) 

‘^Cfi-Fd 
J.  w 

if  any  of  the  following  conditions  hold: 

(a)  xj  - 0 

(b)  Xj„  - [0] 

(c)  -0  and  Tjj  - [OJ  . 

Additivitv  Characteristics  of  the  EVTIGPF 

In  the  Entrepreneur's  Decision  of  §3  the.  reader  may  observe  that 
the  value  of  simultaneous  information  on  c and  e does  not  equal  the 
sum  of  the  value  of  information  on  c and  the  value  of  Information  on 
e . Slmllary,  the  value  of  simultaneous  flexibility  on  p and  q 
does  not  equal  the  sum  of  the  value  of  flexibility  on  p and  the  value 
of  flexibility  on  q . Analysis  of  the  quadratic  decision  problem 
allows  us  to  explore  the  first  order  additivity  characteristics  of  the 
EVFIGPF.  For  the  following  two  corollaries  we  assume  in  addition  that 
the  conditional  expectation  of  ^ is  a linear  function  of  the  observable 
state  variables. 

COROLLARY  3;  Suppose  the  random  variables  composing  the  vector  _Sj 
upon  which  clairvoyance  is  available  may  be  partitioned  into  two 
vectors  _Sjj^  and  _s^2  that  are  independent.  Then 

•=^Cs,Fd  l«>  - •*Cs„Fd  ""cs^Fd  l«>  • 

.L  J XX  o LZ  J 

PROOF:  By  assumption,  x - E(s[sj)  ® D_Sj  for  some  matrix  D . Denot- 
ing the  covariance  matrix  of  _Sj  by  , (A.  1.1)  becomes 
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I 


For  convenience  we  assume  that  the  variables  have  been  ordered 
so  that 


(4.17) 


The  independence  of  s_-  and  _s  implies 


^Illl  ® 


0 C, 


(4.18) 


?he  proof  follows  by  algebraic  substitution. 


We  say  that  decision  vectors  dj^  and  dj2  do  not  Interact  if  the 
value  function  may  be  expressed 


vC§;dji,dj2.d3)  - + V2(s;dj2,^)  . (4.19) 


^ROLLARY  4:  Suppose  the  decision  variables  composing  the  decision 

vector  dj  for  which  flexibility  is  available  may  be  partitioned 
into  two  vectors  d^^  and  d^2  which  do  not  interact.  Then 


^CSjFdj  I^>  - ^CSjFdj^  |S>  + ^CSjFdj2  20) 


PROOF:  For  convenience  we  assume  decision  variables  are  ordered  so 

that 


(4.21) 


For  the  quadratic  value  function,  the  non-interaction  assumption 
means  ihat  the  matrix  Qjj  has  the  diagonal  form 


Qjj" 


(4.22) 


‘J2J2 


Equation  (4.2fi)  follows  by  direct  substitution  into  (4.16). 

The  results  indicate  that  the  first  order  additivity  or  non- additivity 
of  the  value  of  information  is  determined  by  state  variable  correla- 
tion. To  a first  order  approximation,  if  two  pieces  of  information 
are  uncorrelated,  then  the  value  of  obtaining  that  information  simul- 
taneously equals  the  sum  of  the  values  of  receivlr>3  each  item  of 
information  by  Itself.  Similar Iv,  the  first  order  determinant  of  the 
additivity  or  non-addltivlty  of  the  value  of  flexibility  is  decision 
variable  interaction.  If  the  value  function  is  additive  in  two 
decision  vectors,  then,  to  first  order,  the  value  of  simultaneously 
obtaining  flexlhlllty  on  both  decision  vectors  will  equal  the  sum  of 
the  values  of  obtaining  flexibility  on  each  vector  indlviduallj . 

Figures  4.1  and  4.2  Illustrate  these  results  for  the  special 
case  of  a four-variable  quadratic  decision  with  value  function 

v(s^,S2;d^,d2)  = - dj  - d^  + 2qd^d2  + t^^s^d^  + t^2®l‘*2  *^21®2‘*1  + *=22®2‘*2 

(4.2.) 


and  normally  distributed  state  variables.  Figure  4.1  shows  how  the  sign 
of  <v|CsjS2Fdj^d2,e>-  <v|Cs^Fd^d2,e>-  |Cs2Fd^d2,S>  depends  on 

correlation  P and  interactions  q . As  we  might  expect,  if  correla- 
tion is  high  enough  the  sum  of  the  values  of  individual  information  will 
exceed  the  value  of  joint  Information.  Figure  4.2  shows  the  sign  of 

” <v ICSj^S2?di ,C>  - <v jCSj^S2Fd2,6>  as  a function  of  p 

and  q . If  decision  variable  interaction  is  high  enough,  we  can  expect 
the  value  of  joint  flexibility  to  exceed  the  sum  of  the  values  of 
individual  flexibility. 


J 


5.  Proximal  Analysis 

The  computational  difficulty  of  performing  the  value  of  Informa- 
tion given  flexibility  calculations  gives  Impetus  to  a search  for 
simplifying  approximations.  In  this  section  we  show  that  under  certain 
conditions  an  approximation  to  the  expected  value  of  perfect  Informa- 
tion given  perfect  flexibility  may  be  obtained  by  applying  sensitivity 
analysis  to  the  decision  problem's  deterministic  value  model.  The 
technique  Is  an  extension  to  Howard's  proximal  decision  model  [3  ] . 

In  proximal  decision  analysis  a quadratic  equation  in  the  first 
two  moments  of  a Is  used  to  approximate  the  optimal  decision 
strategy.  Following  Howard  and  Rice  [6  ] we  expand  v(£,^)  In  a 
second  order  Taylor  series  about  the  prior  mean  ¥ and  the  optimum 

A 

deterministic  decision  d . We  obtain  Eq.  (4.1)  with 


b 


W « 


T - 


Q - 


Bd^^dj 


(5.1) 


(5.2) 


(5.3) 


(5.A) 


(5.5) 
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Ot)en-  and  fartlallv  Ulosed-Looo  Sensittvltles 


Let  the  state  and  decision  variable  settings  be  incremented  by 

mm  A 

amounts  ^ *nd  M from  j and  d respectively,  then  the 
approximate  increase  in  v , denoted  ^v  , is  given  by 

Av  - b'^  +-i  ^'W/^  + +-^  . (5.6) 

We  wish  to  find  the  open-loop  sensitivity  of  v to  changes 
in  state  variables  s with  i belonging  to  some  index  set  I . 

The  result  is  obtained  from  (5.6)  with  “ 0 , ■ 0 , k i 1 y 


• h'&i 


(5.7) 


Next  we  calculate  the  partially  closed-loop  sensitivity  in 
which  the  only  decision  variables  that  may  be  adjusted  are  those  d^ 
with  J in  an  index  set  J . Putting  and  £dj  equal  to  zero  in 

(5.6)  yields 

+ 1 + i JdXjMj  . (5.f ) 


Setting  the  gradient  with  respect  to  _dj  equal  to  zero,  we  get  an  ex- 
pression showing  how  the  flexible  decision  variables  arc  optimally  ad- 
justed in  response  to  changes  in  state  variables: 

-I  ' 


Substituting  this  expression  into  (5.8)  gives  the  partially  closed 
loop  sensitivity  of  outcome  value  to  state  variable  changes. 


Av 


cl 


■*"2 


J -1  ' 

- -i  ,As, 


1 

2 


IJ^JJ  IJ -I 


(5.10) 


open-loop  sensitivity  effect  of  compensation 


We  see,  in  analogy  with  Howard's  results  [3,  Equation  7.4],  that  the 
partially  closed- loop  sensitivity  is  composed  of  terms  representing 
the  open- loop  sensitivity  to  state  variables^  plus  terms  that  show  the 
effect  of  compensation. 

The  Expected  Value  of  Deterministic  Compensation 

Subtracting  (5.7)  from  (5.10)  and  taking  the  expectation  with 
respect  to  the  marginal  probability  distribution  of  s^,  we  obtain 
an  expression  r the  expected  value  of  deterministic  compensation. 


(5.11) 


A comparison  with  (4.29)  shows  that  (5.11)  is  exactly  the  expected 
value  of  perfect  information  on  Sj  given  perfect  flexibility  on  dj 
for  an  expected  value  decision  maker  with  a quadratic  value  function  if 
any  of  the  conditions  of  Corollary  2 are  satisfied. 

Now  suppose  that  all  state  variables  are  adjusted  in  the  sensitiv- 
ity calculations.  The  compensation  function  becomes 


If  the  function  ^^(^l^iSj)  is  available,  the  compound  function 


(5.12) 


(5.13) 

may  be  f.  -med.  Taking  the  expectation  of  (5.13)  yields 

• (5.1«) 

which  is  the  expected  value  of  perfect  information  on  s^  given  per- 
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f£ct  flsxlblllty  on  for  an  expected  value  decision  maker  with  a 

quadratic  value  function  If  any  of  the  conditions  of  Corollary  1 are 
satisfied. 

A..prQ3dnatlnE  the  EfFlQPF  with  Sensitivity  Analysis 

Howard  [3,  Appendix  B]  gives  a method  for  numerically  evaluating 
^,W,T,Q,  and  various  conditional  and  unconditional  covariance 
matrices  for  a complicated,  many- variable,  smooth  value  function. 

Hence,  the  proximal  mdel  and  the  theorem  and  corollaries  of  § 4 
provide  a means  for  obtaining  an  approximation  to  the  expected  value 
of  Information  given  flexibility. 

The  above  results,  however,  show  that  under  certain  conditions  a 

simpler  procedure  may  be  applied.  For  the  purpose  of  Illustration, 

assume  that  the  value  function  for  the  decision  model  contains  two 

state  variables  and  two  decision  variables.  We  wish  to  estimate  the 

value  of  perfect  Information  on  s given  perfect  flexibility  on  d . 

1 2 

For  the  first  calculation  we  shall  ignore  the  effect  that  knowledge  of 
Sj^  has  on  the  sstimaticn  of  S2  . The  procedure  consists  of  : 

1.  evaluating  deterministic  open- loop  sensitivity  to 
changes  in  the  observable  state  variable  Sj^  , 

2.  evaluating  deterministic  partially  closed- loop 
sensitivity  ( d2  continuously  optimized)  to  changes 
in  Sj^  , 

3.  calculating  the  difference  in  these  two  function?^, 

4.  determining  the  expectation  of  v 

comp 

If  knowledge  of  Sj^  Impacts  the  decision  through  its  effect  on 
the  estimation  of  S2  , this  may  be  included  in  the  approximation  using 
the  following  procedure: 

1.  evaluate  deterministic  open-jLoop  joint  sensitivity 
to  changes  in  Sj^  and  S2  , 
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2 evaluate  deterministic  partially  closed- loop  joint 
sensitivity  ( d2  continuously  optimized)  to  changes 
in  Sj^  and  S2  , 


3.  calculate  the  difference  in  these  two  functions, 

4.  determine  E(AS2l^l)  » conditional  mean  of  AS2 

as  a function  of  , 

5.  determine  the  expected  value  of  v t As, >E( ASo I A?,) ] . 

comp  i ^ ■ 1 


Implementa*-ion  of  this  procedure  could  be  facilitated  by  approximating 
Joint  sensitivities  with  quadratic  functions.  A good  approximation  may 
be  expected  provided  that  E[E(AS2lAsp]  - 0 ; that  is,  the  prior  ex- 
pectation is  a zero  shift  in  th*  mean  of  the  unobservable  state  variable. 


1/ 
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